In the combinatorics of Sturmian words an essential role is played by the set PER of all finite words w on the alphabet A = {a, b} having two periods p and q which are coprime and such that |w| = p + q − 2. As is well known, the set St of all finite factors of all Sturmian words equals the set of factors of PER. Moreover, the elements of PER have many remarkable structural properties. In particular, the relation Stand = A ∪ PER{ab, ba} holds, where Stand is the set of all finite standard Sturmian words. In this paper we introduce two proper subclasses of PER that we denote by Harm and Gold. We call an element of Harm a harmonic word and an element of Gold a gold word. A harmonic word w beginning with the letter x is such that the ratio of two periods p/q, with p < q, is equal to its slope, i.e., (|w| y + 1)/(|w| x + 1), where {x, y} = {a, b}. A gold word is an element of PER such that p and q are primes. Some characterizations of harmonic words are given and the number of harmonic words of each length is computed. Moreover, we prove that St is equal to the set of factors of Harm and to the set of factors of Gold. We introduce also the classes Harm and Gold of all infinite standard Sturmian words having infinitely many prefixes in Harm and Gold, respectively. We prove that Gold ∩ Harm contain continuously many elements. Finally, some conjectures are formulated.
Introduction
Sturmian words have been extensively studied by several authors for at least two centuries. They have many applications in various different fields like algebra, theory of numbers, physics (symbolic dynamics, crystallography), and computer science (computer graphics and pattern matching); the study of the structure and combinatorics of these words has become a subject of the greatest interest, with a large literature on it (see, for instance, the excellent overview by Berstel and Séébold [2] ). For all definitions and notations not explicitly given in the paper, the reader is referred to [9] .
Sturmian words can be defined in several different but equivalent ways. Some definitions are 'geometrical' and others of 'combinatorial' nature. A 'geometrical' definition is the following: a Sturmian word can be defined by considering the sequence of the cuts (cutting sequence) in a squared-lattice made by a ray having a slope which is an irrational number. A horizontal cut is denoted by the letter b, a vertical cut by a and a cut with a corner by ab or ba. Sturmian words represented by a ray starting from the origin are usually called standard or characteristic.
A combinatorial definition of Sturmian words can be given in terms of subword complexity. We recall that if w is an infinite word on the alphabet A, then the subword complexity of w is the map f w : N → N, defined as: for each n ≥ 0
where Fact(w) is the set of all factors, or subwords, of w. In other terms for each n, f w (n) counts the number of factors of w of length n. Sturmian words are infinite words w whose subword complexity f w is such that f w (n) = n + 1 for all n ≥ 0. As is well known [2] this is also equivalent to saying that Sturmian words have the minimal possible value for subword complexity without being ultimately periodic. Moreover, since f w (1) = 2 one has that these words are in a two letter alphabet. From now on, we shall take the alphabet A equal to the binary alphabet {a, b}.
The most famous Sturmian word is the Fibonacci word f = abaababaabaababaababaabaababaabaab . . . which is the limit, according to a suitable topology, of the sequence of words ( f n ) n≥0 , inductively defined as:
f 0 = b, f 1 = a, and f n+1 = f n f n−1 for n ≥ 1.
The words f n of this sequence are called finite Fibonacci words. The name Fibonacci is due to the fact that for each n, the length | f n | of the word f n is equal to the (n + 1)th term of the Fibonacci series: 
Finite standard words
Infinite standard Sturmian words are of great interest since [2] for any Sturmian word t there exists an infinite standard Sturmian word s ∈ Stand such that Fact(t) = Fact(s). If one is interested in the study of the language St of the factors of all Sturmian words, one can limit oneself to consider only infinite standard Sturmian words. Indeed, one has:
Since any element of Stand is the limit of a sequence of finite standard words, one has that any factor of a word of Stand is a factor of a word of Stand. Hence,
The set Stand has several characterizations based on quite different concepts [3, 4] . One of the characterizations is based on periods of words. More precisely, consider the set PER of all words w having two periods p, q which are coprime and such that |w| = p + q − 2. Thus a word w belongs to PER if it is a power of a single letter or is a word of maximal length for which the theorem of Fine and Wilf (cf. [9] ) does not apply. In the sequel we assume that ∈ PER (this is, formally, coherent with the above definition if one takes p = q = 1). In [6] it has been proved that:
Thus, any element of Stand which is not a single letter can be obtained by appending ab or ba to a word of PER. Another characterization is based on palindromes. Let PAL be the set of all palindromes on A. The set Σ is the subset of A * defined as:
Thus a word w belongs to Σ if and only if w is a single letter or satisfies the equation:
where A, B, C ∈ PAL and {x, y} = {a, b}. It was proved in [6] that
From this one can easily derive the following remarkable structure result on the set PER [3] . For a word w we denote by alph(w) the set of the letters occurring in w. 
with x, y fixed letters in {a, b}, x = y, P, Q ∈ PAL, and |P| < |Q|. Moreover, p = |P|+2 and q = |Q| + 2 are periods of w such that p is the minimal period and gcd( p, q) = 1.
Since any element of Stand is a prefix of an element of PER one has that
There exist several methods to generate standard words [2, 3, 5, 13] . In [3] the following method to generate the set PER was given. Let us introduce in A * the map (−): A * → PAL which associates with any word w ∈ A * the word w (−) defined as the shortest palindrome having the suffix w. We call w (−) the palindromic left-closure of w. If P is the longest palindromic prefix of w = Pu, then one has
where u ∼ is the reversal of u, i.e., the sequence of the symbols of u taken in reverse order. If X is a subset of A * we denote by X (−) the set
The following holds [3] :
Lemma 2.1. Let w ∈ PER and x ∈ {a, b}. Then (xw) (−) ∈ PER. Moreover, if w = Px y Q, with P, Q ∈ PAL and {x, y} = {a, b}, then one has
Now, let us define the map
as follows: ψ( ) = and for all v ∈ A * , x ∈ A,
The word v is called the generating word of ψ(v). One has that for all
For instance, in the case of the generating word v = a 2 ba one has ψ(v) = aabaaabaa. Let E be the automorphism of A * defined by E(a) = b, E(b) = a. For any v ∈ A * , one has |E(v)| = |v| and, moreover, the set of periods of E(v) is equal to the set of periods of v. Therefore, v ∈ PER if and only if E(v) ∈ PER. One easily verifies that for all v ∈ A *
ψ(E(v)) = E(ψ(v)).
It has been proved in [3] that the map ψ: A * → PER is a bijection and that the restriction of ψ to aA * is a bijection of aA * onto PER a = PER ∩ aA * . Hence one has:
Setting for each n ≥ 0
where X 0 = {a} and for any n > 0 one has:
Let us observe that the set PER can be expressed as: In the following we shall mainly refer to the set PER a , i.e., the set of all elements of PER beginning with the letter a. One can introduce some suitable maps which are bijections of the set PER a and the set I of all irreducible fractions p/q with 0 < p < q. These representations of PER a are of great interest and have remarkable applications. Moreover, they are related to each other in a very natural way.
The first map θ : PER a → I, that we call ratio of periods, is defined as follows. For all n > 0, we set θ(a
If w ∈ PER a and Card(alph(w)) > 1, then from Proposition 2.1, w can be uniquely factorized as:
with {x, y} = {a, b}, P, Q ∈ PAL and |P| < |Q|. If w ∈ PER a then we set:
The meaning of θ(w) when w ∈ PER a , is the ratio of the minimal period of w and the period q such that gcd( p, q) = 1 and |w| = p + q − 2. The second map ζ : PER a → I is defined as follows: for any w ∈ PER a
where |w| a and |w| b denote, respectively, the number of occurrences of the letters a and b in w. For any w ∈ PER a , we call ζ(w) the slope of w. One can prove that the maps ζ and θ are bijections. In order to see this and the relationships existing among them we recall some basic representations of binary words by irreducible fractions.
We introduce a suitable representation of the set I by continued fractions. Let  (α 1 , . . . , α n ) be a sequence of n > 0 positive integers. We shall denote by
It is trivial to verify that I is faithfully represented by the set of all such continued fractions α 1 , . . . , α n .
Any word v ∈ aA * can be uniquely represented as:
where n is an even integer, 
θ(w) = θ(E(w))
and
We note that if w ∈ PER b , then the slope of w is given by: Table 1 Values of ζ(w), for w ∈ Harm, alph(w) = A, |w| ≤ 100 (gold-harmonic fractions in bold) 
Harmonic words
A word w ∈ PER will be called harmonic if its slope is equal to the ratio of its periods, i.e.,
ζ(w) = θ(w).
We shall denote by Harm the set of harmonic words.
Example 3.1. The words w 1 = abaaba and w 2 = aabaaabaaabaa are harmonic. Indeed,
The value of ζ(w) = θ(w) for the words w ∈ Harm with Card(alph(w)) > 1 and |w| ≤ 100 are reported in Table 1 .
For instance, the word v = a 2 b 3 a 3 b 2 is a sesquipalindrome. We note that if v is a sesquipalindrome, then |v| is an even integer.
Proposition 3.1. A word of PER is harmonic if and only if its generating word is a palindrome or a sesquipalindrome.
Proof. The result is trivial if the harmonic word w is . In such a case the generating word of w is which is a palindrome. Therefore, we assume that w = . We first suppose that w ∈ PER a . Let w = ψ(v) where the generating word v has the integral representation (α 1 , . . . , α n ). If w ∈ Harm, then ζ(w) = θ(w) and by Proposition 2.3,
Hence, one has for 1 ≤ i ≤ n,
If n is odd, then
so that by Eq. (2), v is a palindrome. If n is even, then
Conversely, if v ∈ aA * is a palindrome or a sesquipalindrome, then its integral representation (α 1 , . . . , α n ) is such to satisfy Eq. (2). This implies that the word
, from what we have proved before one has that E(w) ∈ Harm if and only if its generating word E(v) is a palindrome or a sesquipalindrome. This occurs if and only if v is a palindrome or a sesquipalindrome. Since w ∈ Harm if and only if E(w) ∈ Harm, we conclude the proof.
As a consequence we derive the following:
Proposition 3.2. Any word of PER can be extended on the right (on the left) to a harmonic word.
Proof. Let w ∈ PER and v be its generating word, i.e., w = ψ(v). Let v be any right extension of v to a palindrome or sesquipalindrome. One has v = vλ with λ ∈ A * . By Proposition 3.1
Moreover, by Eq. (1),
This proves our assertion. 
Proof. From Proposition 3.2 one has that
Since St = Fact(PER) it follows that St = Fact(Harm).
Let us recall [3] that any s ∈ Stand, can be generated as follows: let A ω be the set of all infinite words on the alphabet A. One considers any infinite word x ∈ A ω \A * {a ω , b ω }, i.e., x = vz ω , with v ∈ A * and z ∈ A. Any such infinite word x can be uniquely written as:
with α 0 ≥ 0 and α i > 0 for i > 0. Then one constructs recursively the sequence of words (σ n ) n≥0 , where σ 0 = and for all n ≥ 1
where x n denotes, for all n > 0, the nth letter of x. One has that
We shall set s = ψ(x) and call x the generating word of s. It has been proved [6] that the set of all palindromic prefixes of s is equal to the set {σ n | n ≥ 0}. Proof. Without loss of generality we may suppose that x 1 = a. Let k be the minimal integer such that x k = b. Hence, x 1 · · · x k = a k−1 b. From condition (C) one derives k = 2 and x 1 x 2 = ab. We prove now by induction that x i = a for all odd integers and x i = b for all even integers. We have already proved the base of the induction. Suppose the statement is true up to n and prove it for n + 1. If n is even, then x 1 · · · x n = (ab) n/2 , so that x 1 · · · x n x n+1 satisfies (C) if and only if x n+1 = a. If n is odd, then x 1 · · · x n = (ab) n/2 a, so that x 1 · · · x n x n+1 satisfies (C) if and only if x n+1 = b. From this one derives that x = (ab) ω which proves the assertion.
Conversely, it is trivial to verify that the words (ab) ω and (ba) ω satisfy condition (C).
Proposition 3.4. An infinite standard Sturmian word is such that all palindromic prefixes are harmonic if and only if it is the Fibonacci word f or E( f ).
Proof. Let s be an infinite standard Sturmian word having the generating infinite word x, so that s = ψ(x) and s = lim n→∞ σ n , where σ 0 = and for all n > 0, σ n = ψ(x 1 · · · x n ). The word s has all palindromic prefixes which are harmonic if and only if for all n ≥ 0, σ n ∈ Harm. By Proposition 3.1 this latter condition is satisfied if and only if any prefix of x is either a palindrome or a sesquipalindrome. By Lemma 3.1 this occurs if and only if x = (ab) ω or x = (ba) ω . In the first case s = f and in the second case s = E( f ).
We say that an infinite standard Sturmian word s ∈ Stand is harmonic if s has infinitely many palindromic prefixes which are harmonic. From Proposition 3.4 the infinite standard Sturmian words f and E( f ) are harmonic. We shall denote by Harm the set of all harmonic infinite standard Sturmian words.
Proposition 3.5. An infinite standard Sturmian word is harmonic if and only if its generating word has infinitely many prefixes which are palindromes or sesquipalindromes.
Proof. Let s ∈ Stand and x ∈ A ω be its generating word, i.e., s = ψ(x). Let us suppose that x has infinitely many prefixes
Conversely, suppose that s is an infinite harmonic standard Sturmian word and let x be its generating word, so that s = ψ(x) and s = lim n→∞ σ n , where σ 0 = and for all n > 0,
Harm. This implies that there exists a sequence of integers
Since s[k i ] ∈ Harm one obtains by Proposition 3.1 that its generating word x[h i ] is either a palindrome or a sesquipalindrome. Thus x has infinitely many prefixes which are palindromes or sesquipalindromes which concludes the proof.
From the preceding proposition one derives that if an infinite standard Sturmian word t has a generating word which is an infinite standard Sturmian word, then t is harmonic. Proof. It is sufficient to observe that any infinite standard Sturmian word has infinitely many palindromic prefixes, so that the result follows from Proposition 3.5.
Corollary 3.2. There exist continuously many infinite harmonic words.
Proof. As is well known, there exist continuously many infinite standard Sturmian words. Indeed, with each positive irrational number α one can injectively associate the standard Sturmian word having slope α. Since the map ψ is injective the result follows from the preceding corollary. Proof. The proof is by induction on the length of w. If the length of w is equal to 1 or 2 the result is trivially verified. Let us then suppose that |w| > 2. We first suppose that w is a palindrome. We can write w = xux, with x ∈ A and u a palindrome. One has µ(w) = µ(x)µ(u)µ(x). By induction the word µ(u) is a sesquipalindrome. If x = a, one obtains µ(w) = abµ(u)ab which is a sesquipalindrome. If x = b, one obtains µ(w) = baµ(u)ba which is a sesquipalindrome.
In a similar way if w is a sesquipalindrome, then we can write w = xuy, with x = y and u a sesquipalindrome. By induction one easily derives that µ(w) is a palindrome.
Proposition 3.6. The infinite standard Sturmian word having as generating word the Thue-Morse word in two symbols is harmonic.
Proof. As is well known [9] the Thue-Morse word t in two symbols can be defined as
where µ 0 (a) = a and for all n > 0, µ n (a) = µ(µ n−1 (a)). From the preceding lemma it follows that for all n ≥ 0, µ 2n (a) is a palindrome, whereas µ 2n+1 (a) is a sesquipalindrome. From Proposition 3.5 it follows that the infinite standard Sturmian word ψ(t) is harmonic.
Let F be the Fibonacci morphism and D the morphism D = E • F, so that D(a) = a and D(b) = ab. One can easily prove (cf. [5] ) that if w ∈ PER a , then F(w)a, D(w)a ∈ PER a . We shall denote by Harm a the set of harmonic words beginning with the letter a.
Proposition 3.7. Let w ∈ Harm a . One has that F(w)a ∈ Harm a if and only if w is a palindromic prefix of the Fibonacci word f . Moreover, D(w)a /
∈ Harm a .
Proof. Let (α 1 , . . . , α n ) be the integral representation of the generating word of w. Since w ∈ Harm a , one has α i = α n−i+1 for all i = 1, . . . , n. The slope of F(w)a is given by 
By Proposition 2.3 one has that θ(F(w)a)
whereas by Proposition 2.3 one has D(F(w)a) = α n , . . . , α 2 , α 1 + 1 . If one imposes that D(F(w))a is harmonic one obtains 1 + α 1 = α n . Since α 1 = α n one reaches a contradiction.
Combinatorics of harmonic words
In this section we give a combinatorial characterization of harmonic words which allows us to obtain a formula counting for any integer n the number of harmonic words of length n.
We say that a rational number α > 1 has a symmetric development in continued fractions if α = [q 0 ; q 1 , . . . , q n ] with q i = q n−i for i = 0, . . . , n. 1 + 1/ζ(w) (or 1 + 1/θ (w) ) has a symmetric development in continued fractions.
Lemma 4.1. A word w ∈ PER is harmonic if and only if

Proof. If ζ(w)
If w ∈ Harm, then by Eq. (2) one has α i = α n−i+1 for 1 ≤ i ≤ n so that 1 + 1/ζ(w), as well as 1 + 1/θ (w), have a symmetric development in continued fractions. Conversely, suppose that 1 + 1/ζ(w) has a symmetric development in continued fractions. Necessarily, this is given by Eq. (3) with α i = α n−i+1 for 1 ≤ i ≤ n. By Proposition 2.3 one derives ζ(w) = θ(w) so that w ∈ Harm. Similarly, one reaches the same result if one supposes that 1 + 1/θ (w) has a symmetric development in continued fractions.
Proposition 4.1. A word w ∈ PER is harmonic if and only if
where p is the minimal period of w.
Proof. Let w ∈ PER be such that |w| = p + q − 2, where p is the minimal period of w. We observe that
From the previous proposition w ∈ Harm if and only if (|w| + 2)/ p has a symmetric development in continued fractions. By a classical result (cf. [10, Chapter 24]) this occurs if and only if p + q = |w| + 2 divides p 2 ± 1, i.e., p 2 ≡ ±1 (mod |w| + 2).
Proposition 4.2. The number of harmonic words of length n ≥ 0 is equal to the number of roots of the equation x 2 ≡ ±1 (mod n + 2).
Proof. The statement is trivially true in the case n = 0, since there exists a unique harmonic word of length 0, namely the empty word, and a unique root of the equation x 2 ≡ ±1 (mod 2). For any n > 0, we consider the sets
We prove that there exists a bijection λ n : H n → K n . For any w ∈ Harm a ∩ A n , let λ n (w) be the minimal period p of w. We know that |w| = p + q − 2 with q > p. Therefore, p < (n + 2)/2. Since w is harmonic, by Proposition 4.1, p 2 ≡ ±1 (mod n + 2). Thus λ n (w) ∈ K n . The map λ n is injective. Indeed, if v ∈ Harm a ∩ A n and λ n (v) = λ n (w) = p, then θ(v) = θ(w) = p/q so that v = w. Now we verify that λ n is surjective. Indeed, let p ∈ K n and set n = p+q−2. Since p 2 ≡ ±1 ( mod n+2), one derives that gcd( p, q) = 1. Moreover, since p < (n + 2)/2, one has p < q. Hence there exists a unique element w of PER a ∩ A n having periods p and q. As p 2 ≡ ±1 ( mod n + 2) by Proposition 4.1 it follows that w ∈ Harm a and λ n (w) = p. Since λ n is bijective, it follows Card(H n ) = Card(K n ). Now, we prove that Card(K n ) = Card(K n ), where
The map n : K n → K n is trivially injective. Let us prove that it is surjective. Let q ∈ K n and suppose that n is odd or q = (n +2)/2. If we set p = n +2−q, then 0 ≤ p < (n +2)/2 and p 2 ≡ q 2 ≡ ±1 (mod n + 2), so that p ∈ K n and q = n ( p). Now we suppose that n is even and q = (n + 2)/2. Since 2q ≡ 0 (mod n + 2) it follows 2q 2 ≡ 0 (mod n + 2) so that
which proves the assertion.
For any n ≥ 0 the set of roots of the equation x 2 ≡ ±1 (mod n + 2) is a finite 2-group G since, for any root x, x 4 ≡ 1 (mod n + 2) so that any element of G has an order which is a power of two. As is well known from group theory, the order of G is a power of 2. Hence, from Proposition 4.2 one derives that the number of harmonic words of length n is a power of 2. The following theorem gives for any n > 0 the exact number of harmonic words of length n. Theorem 4.1. Let n be a positive integer and factorize n + 2 as:
where p 1 , . . . , p r , r ≥ 0, are distinct odd primes, α ≥ 0, and
The number of harmonic words of length n is given by
Proof. By the previous proposition, we have to count for each n the number of roots of the equation x 2 ≡ 1 (mod n + 2) and of the equation x 2 ≡ −1 (mod n + 2). From the theory of congruential equations (cf. [7, 11] ) the number of roots of the equations above is equal, respectively, to the product of the numbers of roots of the equations
Now, the number of roots of the equation 
From Theorem 4.1 one has in particular: A consequence of the previous corollary is that there are infinitely many integers n such that Card(Harm ∩ A n ) = 2. Proof. If p ≤ 2 the result is trivial, as, for instance, the words a and aba are harmonic words having minimal periods 1 and 2, respectively. Thus we suppose p > 2 and take q = p 2 − p ± 1. One has q > p and since p 2 ≡ ±1 (mod p + q) a word w ∈ PER such that θ(w) = p/q is harmonic by Proposition 4.1.
Proposition 4.4. Let w be a harmonic word of minimal period
Moreover, the upper bound is optimal.
Proof. By Proposition 4.1 one has p 2 ≡ ±1 ( mod |w| + 2) so that |w| + 2 divides p 2 ± 1.
This bound is optimal since a word w ∈ PER such that θ(w) = p/( p 2 − p + 1) is harmonic and such that |w| = p 2 − 1.
Gold words
A word w ∈ PER will be called a gold word if the ratio of its periods θ(w) = p/q is an irreducible fraction with p and q prime numbers. The set of all gold words will be denoted by Gold.
For instance, the words w 1 = aabaabaa and w 2 = aaaaabaaaaaabaaaaa are gold since θ(w 1 ) = 3/7 and θ(w 2 ) = 7/13, whereas w 3 = aaabaaaabaaa is not gold since θ(w 3 ) = 5/9.
By the definition if g ∈ Gold, then E(g) ∈ Gold. Moreover, the length n = p + q − 2 of a gold word is either an odd prime or an even integer. Indeed, if n is an odd integer, then the minimal period p of g has to be equal to 2 and n has to be equal to q which is an odd prime. In such a case there exist two gold words g ∈ PER a and E(g) such that |g| = n and θ(g) = 2/n. The generating word of g is If n is an even integer, the periods p and q of g have to be odd primes with p = q. As a consequence there do not exist gold words for n = 2 and n = 4. One can easily verify by a computer that there exist gold words for all even lengths n > 4 and less than very large integers. Therefore, it is natural to set the following:
Conjecture 5.1. For any even integer n ≥ 6 there exists a gold word of length n.
We remark that this conjecture is equivalent to the statement that every even integer n greater than 6 is the sum of two different odd primes. This is a statement stronger than the famous Goldbach's conjecture (see, for instance, [7] ) stating that any even integer ≥6 is the sum of two odd primes. Hence, if Conjecture 5.1 is true also Goldbach's conjecture will be true. Now, we shall prove that any element of PER can be extended on the right (left) to a gold word. To this end, we recall the following proposition proved in [3] : Proof. We suppose without loss of generality that v begins with the letter a. We can write
. . , α 1 . By Proposition 2.3 one has that for all k > 0,
In a similar way one has that for all k ≥ 0,
which concludes the proof. 
Proof.
Let w be an element of PER having the generating word v and ratio of periods p/q. First we suppose that the last letter of v is a. Since gcd( p, q) = 1, by the famous theorem of Dirichlet on primes in arithmetical progressions (see, for instance, [12] ) one has that there exist infinitely many positive integers k such that q + kp is a prime number. Let k 0 be an integer such that q + k 0 p = π 1 is a prime number. By the preceding proposition
Since gcd( p, π 1 ) = 1 by using again Dirichlet's theorem it follows that there exist infinitely many positive integers h such that p + hπ 1 is a prime number. Let h 0 be an integer such that p + h 0 π 1 is a prime number π 2 . By using again Proposition 5.1 one derives
with ξ = which proves our assertion in this case. Now suppose that the last letter of v is b, and set v = va. By the previous argument, there are arbitrarily large positive integers We remark that following the same argument of the proof of Proposition 5.2, if w ∈ PER has a minimal period p which is prime, then w can be extended on the right (left) to a gold word having the same minimal period. Since St = Fact(PER) it follows that St = Fact(Gold).
An infinite standard Sturmian word will be called gold if it has infinitely many prefixes which are gold. We shall denote by Gold the class of all infinite gold standard Sturmian words. The following lemma will be useful in the sequel. 
For any n > 0 let v n be the word v n = x α 1 y α 2 · · · z α n where z = x if n is odd and z = y, otherwise. Then the ratio of periods of ψ(v n ) is given by:
Proof. By Proposition 2.3 one has that
From the theory of continued fractions [8] , one has that this continued fraction is equal to q n−1 /q n where for any n > 0, q n is the denominator of the nth convergent p n /q n of the continued fraction [0;
Proposition 5.4. The class Gold contains continuously many elements.
Proof. Let us consider the sequence of integers as defined in Eq. (4), i.e., q 1 = 0,
There exist infinitely many values of α 1 for which q 1 is prime. Moreover, since for all k > 0, gcd(q k , q k−1 ) = 1, by Dirichlet's theorem one has that there exist infinitely many values of
, is a prime number. For any such choice consider the word
which generates an infinite standard Sturmian word s. By Lemma 5.1 for any n > 0 the prefix v n = a α 1 b α 2 · · · z α n of u, where z = a if n is odd and z = b otherwise, generates the element ψ(v n ) of PER such that
Therefore, ψ(v n ) ∈ Gold and s ∈ Gold. Since there exist continuously many such generating infinite words u, the result follows. . . in such a way that for any k > 0, the integer q k is a composite number. Now, without loss of generality, consider the infinite word
and take any prefix t of u. We have to consider two cases:
Case 2. |t| > |α 1 |. There exists an integer n ≥ 1 for which
where k > 0, y = x, and x = a if n is odd, x = b otherwise. One has by Lemma 5.1
q n = q n kq n + q n− 1 .
Since for all n > 0 the integers q n are composite, one derives ψ(t) / ∈ Gold which concludes the proof. According to Eq. (4) one has q 1 = 4, q 2 = 9 and for n > 2, q n = 2q n−1 + q n−2 if n is odd and q n = 3q n−1 + q n−2 if n is even. One easily derives that q n is a multiple of 2 if n is odd and a multiple of 3 if n is even. Therefore, the word ψ(u) has no gold palindromic prefix.
The following proposition shows, in particular, that the Fibonacci word f is not gold. Proof. Let (F n ) n≥1 be the Fibonacci series. As is well known, u is a palindromic prefix of f , if and only if |u| = F n − 2 for a suitable n ≥ 3. In this case, θ(u) = F n−2 /F n−1 . We recall [7] that if n = 4 is a composite number, then F n is composite. Hence, for n > 6 at least one of the two integers F n−2 , F n−1 has to be composite. Thus the only cases where F n−2 and F n−1 are both primes are when n = 5 or n = 6. The corresponding palindromic prefixes of f are aba and abaaba, respectively, which concludes the proof. Now, we consider the class Gold∩Harm, i.e., the class of all infinite standard Sturmian words having infinitely many gold prefixes as well as infinitely many harmonic prefixes. Proof. We shall prove that there exist continuously many infinite words which generate elements of Gold ∩ Harm. In fact, each of these words will have infinitely many palindromic prefixes which generate harmonic words as well as infinitely many prefixes generating gold words. The sequence (v n ) n≥0 has a limit v which is the generating word of an infinite standard Sturmian word ψ(v) ∈ Gold ∩ Harm since for any n > 0, v n is a palindrome and ψ(v n−1 a k n b h n ) ∈ Gold.
As different choices of the values of k n or h n , n ≥ 0, lead to different generating words and ψ is an injective map, the result follows.
It is interesting to consider the class Gold ∩ Harm, i.e., the class of all finite words which are both harmonic and gold. A word w ∈ PER belongs to Gold ∩ Harm if θ(w) = ζ(w) = p/q with p and q primes. An irreducible fraction p/q with p < q will be called gold-harmonic if p and q are both primes and p 2 ≡ ±1 (mod p + q). By Proposition 4.1 it is clear that there exists a bijection of the set Gold ∩ Harm a and the set of gold-harmonic fractions. Table 2 gives the set of all gold-harmonic fractions p/q with p + q − 2 ≤ 500.
We observe that there exist only 2 gold-harmonic words having an odd length, namely aba and bab. Indeed, a gold-harmonic word having an odd length has minimal period p = 2 so that, by Proposition 4.4, |w| ≤ 3 and from this the assertion follows.
Let us state the following:
Conjecture 5.2. The set Gold ∩ Harm is infinite.
